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of double parton distributions?
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Double parton distribution functions are used in the QCD description of double parton scattering.
The double parton distributions evolve with hard scales through QCD evolution equations which
obey nontrivial momentum and valence quark number sum rules. We describe an attempt to con-
struct initial conditions for the evolution equations which exactly fulfill these sum rules and discuss
its shortcomings. We also discuss the factorization of the double parton distributions into a product
of two single parton distribution functions at small values of the parton momentum fractions.
I. INTRODUCTION
In high-energy hadron scattering, the final state parti-
cles could be produced from two hard interactions in one
collision. This process, called the double parton scat-
tering (DPS), is viewed as two hard interactions of two
pairs of partons from the scattering hadrons. The DPS
is the simplest process in the analysis of multiparton in-
teractions, studied for many years from both the theo-
retical [1–20] and phenomenological sides [21–32]. The
experimental evidence of the DPS has been presented in
Refs. [33–39].
The DPS processes allow one to gain information on
parton correlations by measuring the DPS cross section in
high energy scattering of two hadrons, h1 and h2. In the
collinear approximation, the inclusive DPS cross section
is given in the form [13, 16]:
σh1h2AB =
N
2
∑
f1f2f
′
1
f ′
2
∫
dx1dx2 dx
′
1dx
′
2
d2q
(2pi)2
× Dh1f1f2(x1, x2, Q1, Q2,q) σˆ
A
f1f
′
1
(x1, x
′
1, Q1)
× σˆBf2f ′2(x2, x
′
2, Q2)D
h2
f ′
1
f ′
2
(x′1, x
′
2, Q1, Q2,−q), (1)
where A and B denote the two hard parton processes
and N is a symmetry factor, equal to 1 for A = B and 2
otherwise.
In the above, D
h1,2
f1f2
(x1, x2, Q1, Q,2 ,q) are double par-
ton distribution functions (DPDFs) of hadrons h1,2,
which depend on the two parton flavors f1,2, parton mo-
mentum fractions x1,2, two hard scales Q1,2 involved in
the DPS and an additional transverse momentum q. The
presence of the latter momentum is related to the loop
structure of the exchanged four partons in the forward
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scattering amplitude which ultimately enters into the def-
inition of the DPDFs [16]. The importance of this vari-
able for the DPS cross section computations has been
discussed at length in Ref. [13]. The longitudinal mo-
mentum fractions obey the condition
0 < x1 + x2 ≤ 1 , (2)
which says that the sum of parton longitudinal momenta
cannot exceed the total proton momentum (taken for def-
initeness from now on). This is the basic parton corre-
lation which has to be taken into account. For more
advanced aspects of parton correlations, see Ref. [17].
The analysis of the DPS is crucial for a better un-
derstanding of background for many important processes
measured at the experiments at Tevatron and the LHC,
e.g. for the Higgs boson production [40], as well as for
a better description of multiparton interactions, needed
for example for modeling of the underlying event; see
Ref. [30] for a comprehensive review of these issues.
Thus, it is very important to use a rigorous approach
based on QCD evolution equations for the DPDFs. These
equations are known in the leading logarithmic approxi-
mation [1–3, 6, 7]. They conserve new sum rules [8] which
relate the double and single parton distribution functions
at any evolution scale. In this presentation we address a
problem of specifying initial conditions for the evolution
equations of the DPDFs which exactly obey the new sum
rules.
The paper is organized as follows. In Secs. II and III
we briefly describe evolution equations for parton distri-
butions. In Sec. IV the new sum rules are presented,
while in Sec. V the most popular initial conditions are
described. In Sec. VI we discuss a problem with them
and describe an attempt to solve it. In Sec. VII factor-
ization of the DPDFs into a product of two single parton
distribution functions (SPDFs) is discussed.
2II. EVOLUTION EQUATIONS FOR SPDFS
To set the notation, let us recapitulate the QCD evolu-
tion equations in the collinear approximation for SPDFs,
Df (x,Q), which are used in the description of the single
parton scattering. The general form of these equations is
given by
∂tDf(x, t) =
∑
f ′
∫ 1
0
duKff ′(x, u, t)Df ′(u, t) , (3)
where the evolution parameter t = ln(Q2/Q20) and the
parton momentum fraction x obey the condition 0 < x ≤
1. The integral kernels, Kff ′(x, u, t), describe the real
and virtual parton emissions
Kff ′(x, u, t) = K
R
ff ′(x, u, t)− δ(u − x) δff ′ K
V
f (x, t) . (4)
The real emission kernel KRff ′(x, u, t) corresponds to the
parton transition (f ′, u)→ (f, x), where the momentum
fraction u > x, and is given by
KRff ′(x, u, t) =
1
u
Pff ′(
x
u
, t) θ(u− x) . (5)
The virtual part, KVf (x, t), can be computed from the
imposed momentum sum rule
∑
f
∫ 1
0
dxxDf (x, t) = 1 (6)
where the normalization to unity means that partons
carry the whole nucleon momentum. Thus we find
xKVf (x, t) =
∑
f ′
1∫
0
du uKRf ′f (u, x, t) . (7)
The functions Pff ′ in Eq. (5) are splitting functions com-
puted perturbatively in QCD in powers of the strong cou-
pling constant:
Pff ′(z, t) =
αs(t)
2pi
P
(0)
ff ′(z) +
α2s(t)
(2pi)2
P
(1)
ff ′(z) + ... . (8)
The first term on the rhs corresponds to the leading log-
arithmic approximation while the higher terms are com-
puted in the next-to-leading approximations. In this way,
the well known DGLAP evolution equations for SPDFs
are obtained
∂tDf (x, t)=
∑
f ′
1∫
x
dz
z
Pff ′(z, t)Df ′
(
x
z
, t
)
−Df(x, t)
∑
f ′
1∫
0
dzz Pf ′f (z, t) . (9)
Note that the diagonal in flavors splitting functions,
Pff (z, t), have a simple pole singularity at z = 1 which is
removed by the virtual term [so called (+) prescription].
III. EVOLUTION EQUATIONS FOR DPDFS
The evolution equations for the DPDFs are only known
for q = 0 in the leading logarithmic approximation [1–
3, 6–8]. The first discussion of the next-to-leading cor-
rections can be found in [10]. We start from considering
two equal hard scales, Q1 = Q2 ≡ Q, and introduce the
following notation for the DPDFs in such a case
Df1f2(x1, x2, t) = Df1f2(x1, x2, Q,Q,q = 0) . (10)
A phenomenological discussion of the case q 6= 0 in the
context of evolution equations, discussed below, can be
found in [13, 41].
The QCD evolution equations take general form
∂tDf1f2(x1, x2, t)
=
∑
f ′
∫ 1−x2
0
duKf1f ′(x1, u, t)Df ′f2(u, x2, t)
+
∑
f ′
∫ 1−x1
0
duKf2f ′(x2, u, t)Df1f ′(x1, u, t)
+
∑
f ′
KRf ′→f1f2(x1, x2, t)Df ′(x1 + x2, t), (11)
where the integral kernels are given by Eq.(4) with the
real part (5) in the leading logarithmic approximation
and the virtual part found from Eq. (7). The two in-
tegrals in the above describe the DGLAP evolution of a
single parton with the second parton treated as a spec-
tator. This gives the upper integration limits resulting
from condition (2).
The third term needs special attention. It describes the
real emission splitting of a single parton into two partons
which undergo two independent hard scatterings. This is
why the SPDFs appear here and the evolution equations
(3) and (11) form a coupled set of equations which has
to be solved simultaneously. In the leading logarithmic
approximation, there is only one parton flavor, f ′, which
leads to two parton flavors, f1 and f2. Thus, we have
the following splittings: q → qg, q → qg, g → qq, and
g → gg. In such a case
KRf ′→f1f2(x1, x2, t) =
αs(t)
2pi
1
x1 + x2
P
(0)
f ′f1
(
x1
x1 + x2
)
(12)
where P
(0)
f ′f1
are splitting functions in the leading loga-
rithmic approximation. It can easily be checked that the
splitting functions P
(0)
f ′f2
(x2/(x1 + x2)) can also be used
in this case. Thus the rhs. of the evolution equations
(11) is invariant with respect to the parton interchange,
(f1, x1) ↔ (f2, x2). If the initial conditions for them,
specified at some initial scale t0, are parton exchange
symmetric,
Df1f2(x1, x2, t0) = Df2f1(x2, x1, t0) , (13)
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FIG. 1: Sum rules violation by the symmetric input (19). The ratio should be equal to 1 if the sum rules are satisfied.
the evolution will preserve this symmetry for any value
of t.
In the case when the two hard scales are significantly
different, e.g. Q1 ≪ Q2, the large logarithms ln(Q
2
2/Q
2
1)
appear. They have to be resummed which leads to the
DGLAP evolution equation with respect to the second
parton
∂t2Df1f2(x1, x2, t1, t2)
=
∑
f ′
1−x1∫
0
duKf2f ′(x2, u, t2)Df1f ′(x1, u, t1, t2), (14)
where t1,2 = ln(Q
2
1,2/Q
2
0). Thus the evolution has two
steps, from equal initial scales (t0, t0) to the equal fi-
nal scales (t1, t1), according to Eq. (11), and then to
the scales (t1, t2), according to Eq. (14). However, we
do not discuss such a case in our analysis, concentrating
only on the first step of the evolution. We also refrain
from discussing the impact parameter representation of
the DPDFs and corresponding evolution equations, send-
ing the reader to Ref. [16].
IV. SUM RULES FOR DPDFS
The DGLAP evolution equations (3) obey the momen-
tum sum rule (6), while the evolution equations (11) pre-
serve a new momentum sum rule:
∑
f1
∫ 1−x2
0
dx1x1
Df1f2(x1, x2, t)
Df2(x2, t)
= 1− x2 . (15)
This relation can be understood by treating the ratio of
the parton distributions under the integral as the condi-
tional probability to find parton f1 with the momentum
fraction x1, while the second parton characteristics, x2
and f2, are fixed. In such a the total momentum fraction
carried by partons f1 equals (1 − x2). In this way, the
momentum sum rule (15) relates the double and single
parton distribution functions for any value of t:
∑
f1
∫ 1−x2
0
dx1x1Df1f2(x1, x2, t)=(1− x2)Df2(x2, t). (16)
The valence quark number sum rule for the SPDFs has
the well-known form∫ 1
0
dx {Dqi(x, t)−Dq¯i(x, t)} = Ni , (17)
where Ni is the number of valence quarks qi. For the
DPDFs, the analogous sum rule depends on the flavor of
the second parton f2 (see Refs. [8, 42] for more details):∫ 1−x2
0
dx1{Dqif2(x1, x2, t)−Dq¯if2(x1, x2, t)}
=


NiDf2(x2, t) for f2 6= qi, q¯i
(Ni − 1)Df2(x2, t) for f2 = qi
(Ni + 1)Df2(x2, t) for f2 = q¯i .
(18)
It is important to emphasize that the momentum and
valence quark number sum rules are conserved by the
evolution equations (3) and (11) once they are imposed
at an initial value t0. If not true, the sum rules will not
be exactly satisfied during evolution.
The sum rules (16) and (18) are written with respect
to the first parton. Assuming the parton exchange sym-
metry (13) to be valid for any value of t, the sum rules
could also be written with respect to the second parton.
In this case, the integration is performed over x2 up to
(1−x1) with the first parton flavor f1 and the momentum
fraction x1 fixed.
V. SYMMETRIC INITIAL CONDITIONS
To solve Eqs. (3) and (11) we need to specify initial
conditions for both the SPDFs and DPDFs. The ini-
tial SPDFs can be taken from well-established param-
eterizations, e.g. from the leading-order (LO) MSTW
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FIG. 2: The input distributions Duu and Duu¯ (multiplied by x1x2) from Eqs. (19) (dashed lines - sym) and (21) (solid lines -
our) for fixed x2 = 10
−3.
parametrization [43], which we use in the forthcoming
analysis. However, the specification of the initial DPDFs
needs assumptions since the experimental knowledge on
the DPDFs is very limited. For practical reasons, their
form is built out of the existing SPDFs. For example, in
Refs. [7, 8] the symmetric initial conditions with respect
to the parton interchange (13) were proposed,
Df1f2(x1, x2, t0)=Df1(x1, t0)Df2(x2, t0)
×
(1− x1 − x2)
2
(1− x1)2+n1(1− x2)2+n2
, (19)
where in the correlation factor, n1,2 = 0 for sea quarks
and n1,2 = 0.5 for valence quarks. These distributions
are also positive definite provided that the SPDFs are
positive.
In Fig.1 we show how ansatz (19) fulfills the momen-
tum and valence quark number sum rules by plotting the
ratio of the rhs to lhs for Eqs. (16) and (18), respec-
tively. The sum rules are fulfilled if the ratios equal one.
In the valence number sum rule qi = u and f2 = g, u, u¯
(for simplicity, we also set n1 = n2 = 0). We see that
the momentum sum rule is quite well satisfied while the
valence quark number sum rule is significantly violated.
The limiting values, 3/2 for f2 = u¯ and 1/2 for f2 = u,
correspond to the values (Nu ± 1)/Nu for Nu = 2, which
are obtained from Eq. (19) computed for x2 ≪ 1. The
case with n1,2 = 0.5 for valence quarks leads to similar
results.
VI. ATTEMPT TO SATISFY SUM RULES
Is it possible to construct initial distributions which
exactly fulfill the discussed sum rules? The answer is
in the affirmative if we concentrate on the first parton,
treating the second one as a spectator (or vice versa).
To obey the momentum sum rule (16), it is enough to
postulate the following form (we skip t0 in the notation):
Df1f2(x1, x2) =
1
1− x2
Df1
(
x1
1− x2
)
Df2(x2) . (20)
However, the valence number sum rule (18) needs correc-
tions for identical quark flavors or antiflavors which do
not spoil the already fulfilled momentum sum rule. The
form below does the job
Dfifi(x1, x2)=
1
1− x2
{
Df1
(
x1
1− x2
)
−
1
2
}
Df1(x2)
Dfif¯i(x1, x2)=
1
1− x2
{
Df1
(
x1
1− x2
)
+
1
2
}
Df¯i(x2)(21)
where fi, f¯i ∈ {u, u¯, d, d¯, s, s¯, . . .} are quark flavor or an-
tiflavors. Unfortunately, there is a price to pay. The
DPDFs for identical flavors or anti-lavors are not posi-
tive definite. For x2 ≪ 1
Dfifi(x1, x2) ≈ {Df1(x1)− 1/2}Df1(x2) (22)
and for all the existing parametrizations Df1(x1) < 1/2
for x1 bigger than some x0. Thus, Dfifi(x1, x2) is nega-
tive in this range.
This is shown in Fig. 2 where the initial distribu-
tions Duu(x1, x2) and Duu¯(x1, x2) (multiplied by x1x2)
are plotted for fixed x2 = 10
−3. They are constructed
from the LO MSTW parametrization of SPDFs at Q20 =
2 GeV2, using ansatze (19) (sym) and (21) (our). We see
that Duu from ansatz (21) is negative for x1 > 0.6. Us-
ing a numerical program which we constructed to solve
Eqs. (3) and (11), we show in Fig. 3 that this effect
does not change when the distributions are evolved up to
Q2 = 100 GeV2.
The proposed form of initial conditions is not sym-
metric with respect to parton interchange described by
Eq. (13). A simple symmetrization,
Df1f2(x1, x2)→ Df1f2(x1, x2) +Df2f1(x2, x1) , (23)
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FIG. 3: The distributions from Fig. 2 evolved up to Q2 = 100 GeV2.
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FIG. 4: The evolved distributions Duu and Duu¯ (sym) from the symmetric input (19) compared to the corresponding products
of the SPDFs, Du and Du¯ (prod). The ratio of the two distributions is also shown for each case.
does not solve the problem since the discussed sum rules
are violated in such a case. For example, the integra-
tion over x1 as in the sum rule (16) gives the correct
result with the first term in Eq. (23), which is spoiled
by a nonzero contribution from the second term. Un-
fortunately, we could not find a better symmetrization
prescription which conserves the sum rules.
To summarize our attempt, it seems that in the con-
struction with SPDFs we cannot find the initial distribu-
tions which fulfill the sum rules in both the variables x1
and x2. Therefore, the symmetric parametrization (19),
discussed at length in ref. [8], is still the best proposition
for applications.
VII. FACTORIZATION AT SMALL x
The sum rule problem for the initial distribution con-
cerns the large x behavior of the DPDFs. If par-
ton momentum fractions are small, x1, x2 ≪ 1, both
parametrizations of the initial distributions, given by
Eqs. (19), (20), and (21), tend to the factorized form
Df1f2(x1, x2, t0) ≈ Df1(x1, t0)Df2(x2, t0) (24)
where f1,2 denote quark flavors, antiflavors, or a gluon.
Does the approximate factorization hold during the
evolution? The inspection of Eq. (11) reveals that in
general the third, splitting term violates the factoriza-
tion during the evolution. However, the scale of the vi-
olation depends on the numerical value of the splitting
term in comparison to the values of the first two terms
in Eq. (11).
The analysis with our numerical program shows that
the violation is significant only for the splitting g → qq¯,
due to a large value of the single gluon distribution g(x)
at small x. This is illustrated in Fig. 4, where Duu and
Duu¯ evolved to Q
2 = 100 GeV2 from the symmetric in-
put are compared to the corresponding products of Du
and Du¯ at the same scale. The effect of the violation of
factorization for small values of x1,2 is only seen for Duu¯,
while for the distributions, Duu and Dug, Du¯g, Dgu, Dgu¯
(not shown here), relation (24) holds very well. The same
conclusions are valid for the other quark flavors. To avoid
6a possible confusion, let us stress that factorization (24)
is not expected to be true at large values of parton mo-
mentum fractions (i.e. for x > 0.1).
VIII. SUMMARY
The specification of initial conditions for the QCD evo-
lution equations of the DPDFs (written in the leading
logarithmic approximation) is not a simple task, mainly
because of the new sum rules which they should obey.
In the presented attempt we tried to build the initial
DPDFs out of the existing SPDFs treating one of the two
partons as a spectator. The form which we found obeys
the momentum and valence quark number sum rule with
respect to the longitudinal momentum fraction of the ac-
tive parton. The difficulty with symmetrization of the
proposed form is the reason why the sum rules are not
symmetric with respect to the interchange of partons.
Therefore, the approach [7, 8] in which parameters the
symmetric form of initial DPDFs are optimized to ap-
proximately fulfill the sum rules is still the best one can
achieve.
We also discussed the factorization of the DPDFs into
a product of two SPDFs at small values of parton mo-
mentum fractions x1,2. We showed that such a factoriza-
tion is to a good approximation conserved by the QCD
evolution except for the distribution Dqq¯ for which the
splitting contribution g → qq¯ in the evolution equations
(11) is quite important due to a large gluon distribution
g(x) at small x. For large values of x1,2, the factorization
is not expected.
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